
Chapter 7 

 

 Statistical Data Treatment and Ecalution  

▶ statistical test에서 error의 특성과 error를 최소화 시키는 방법 



7A    Confidence Intervals (CI) 

⇒ Intervals defined by confidence limits. 

       ↳ 주어진 확률로 true value을 발견할 것으로 기대되어지는 범위 內에  

          실험치의 평균값이 들어갈 수 있는 한계 

       → 통계에 의한 참값이 어떤 확률로 어떤 범위 內에 들어 있을 가능성을  

           알 수 있다.  

       → 

예) 여러 번 측정하여 얻은 potassium의 true population mean이  

      7.25% ± 0.15% 사이에 있을 확률이 99% → mean이 7.1 %에서 7.40%  

     사이일 확률이 99% 

⇒ CI의 크기는 sample standard deviation에 의해 결정: s가 σ를 얼마나 잘   

    대표하느냐에 따라 다름 → s가 σ의 좋은 근사값이면, CI가 상당히 좁아짐 

 

The confidence interval (CI) for the mean is the range of values within 

which the true population mean, , is expected to lie with a certain probability 

distance from the measured mean, x. 

 



Significance level 

The probability that a result is outside the confidence interval is often called 

the significance level. When expressed as a fraction, the significance level 

is often given the symbol .  

Confidence level 

 The confidence level (CL) is the probability that the true mean lies within 

a certain interval. It is often expressed as a percentage(%). 

 

The confidence level (CL) is related to on a percentage basis by  

               CL = (1 –  ) ×100% 
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⇒Statistical calculation  

• 측정의 질에 대한 판단을 명확하게 하기 위해 사용 

• 이장에서는 분석결과를 처리하는 statistical test의 가장 일반적인 응용을 배움 

• 응용은 다음(1∼6)과 같음 

1. Confidence limit (CI) 결정: 반복분석값의 평균을 중심으로 어떤 범위 안에 참 
평균이 들어간 확률 

2. 실험의 평균값이 참 평균을 중심으로 한 주어진 범위 내에 어떤 확률로 들어갈 수 

있는 측정 횟수 결정 

3. (a) 실험평균값과 참값 또는 (b) 두 실험평균값이 서로 다를 확률 추정 

      →  차이가 실제인지 또는 단순한 random error의 결과인지 검증 

      → 방법에서 오는 systematic error 찾거나 나 두 sample이 같은 source에서 왔는
지를 결정하는데 특히 중요함  

4. 주어진 probability level 에서 two sets of measurements의 precision 결정 

5. 두 가지 이상의 시료의 평균비교 

     → 평균들의 difference가 실제인지 또는 random error의 결과인지를 판단 

     → 이 과정을 analysis of variance 라 함 

6. 어떤 확률 하에서 반복측정값 중 Apparent outlier가 gross error의 결과인지? 버려
도 되는지? 평균계산시 포함해야 되는지? 를 결정 

 



7A-1    Finding the Confidence Intervals when σ Is Known 

or s Is a Good Estimate of σ 

예) (a) 면적의 50% : -0.67σ ∼ +0.67σ  

      (b) 면적의 80% : -1.28σ ∼ +1.28σ 

      (c) 면적의 90% : -1.64σ ∼ +1.64σ 

예) 결과값 x와 표준편차 σ를 갖는 data 

      (from Fig. c)  

     →100번 중 90번의 확률로 x±1.64 σ 범위
에 true mean μ이 존재 

     →confidence level = 90% 

     →confidence interval = -1.64σ ∼ +1.64σ 



For a single measurement x  

For a the experimental mean      with N measurements x 

⇒ 4번 측정시 (N=4)→CI 반으로 줄어 듬 

    일반적으로 2 ∼ 4번 횟수 평균 함 

⇒ Bias가 없고, s →σ 일 때 적용 
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7A-2    Finding the Confidence Intervals when σ Is Unknown 

⇒ 한정된 시간 또는 시료의 양 → σ를 정확하게 계산 못함 

⇒ 몇 개의 반복 측정값으로부터 mean과 precision을 계산 

    → 이러한 s는 매우 불확실 함 → CI가 필연적으로 넓어짐 

⇒ z 대신에 statistical parameter, t를 사용  

For a single measurement with result x  

For a the mean of N measurements 

•사용된 자유도에 따라 다름 

•자유도수 증가시 t→z 임 

The confidence interval for the mean      with N measurements x 





He discovered the t  distribution through mathematical 

and empirical studies with random numbers. The classic 

paper on the t test was published under the pseudonym 

Student in Biometrika, 1908, 6, 1. The t statistic is now 

often called Student’s t. Gossett’s work is a testimony 

to the interplay of practical science (quality control of 

beer) and theoretical research (statistics of small 

samples). 11 



For a single measurement with result x  

For a the experimental mean      with N measurements x 

For a single measurement with result x  

For a the mean of N measurements 

CI when σ Is Known or s Is a Good Estimate of σ 

CI when σ Is Unknown 



7B   Statistical Aids to Hypothesis Testing 

Hypothesis testing is the basis for many decisions made in science and engineering.  

To explain an observation, a hypothetical model is advanced and tested 

experimentally to determine its validity.  

The hypothesis tests that we describe are used to determine if the results from 

these experiments support the model. If they do not support our model, we reject 

the hypothesis and seek a new one. If  agreement is found, the hypothetical model 

serves as the basis for further experiments.  

When the hypothesis is supported by sufficient experimental data, it becomes 

recognized as a useful theory until such time as data are obtained that refute it.  

Experimental results seldom agree exactly with those predicted from a theoretical 

model. As a result, scientists and engineers frequently must judge whether a 

numerical difference is a result of a real difference (a systematic error) or a 

consequence of the random errors inevitable in all measurements.  

Statistical tests are useful in sharpening these judgments. 

 



Null hypothesis  

In statistics, a null hypothesis is a hypothesis that is presumed true until statistical 

evidence in the form of a hypothesis test indicates otherwise. It is a hypothesis that 

the parameters, or mathematical characteristics, of two or more populations are 

identical. 

The null hypothesis is an hypothesis about a population parameter. The purpose of 

hypothesis testing is to test the viability of the null hypothesis in the light of 

experimental data. Depending on the data, the null hypothesis either will or will 

not be rejected as a viable possibility. 

The null hypothesis is that µ1 – µ2 = 0, where µ1 is the mean time to respond after 

consuming alcohol and µ2 is the mean time to respond otherwise. Thus, the null 

hypothesis concerns the parameter µ1  –  µ2 and the null hypothesis is that the 

parameter equals zero. 

The null hypothesis is often the reverse of what the experimenter actually believes; 

it is put forward to allow the data to contradict it. In the experiment on the effect 

of alcohol, the experimenter probably expects alcohol to have a harmful effect. If 

the experimental data show a sufficiently large effect of alcohol, then the null 

hypothesis that alcohol has no effect can be rejected. 
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When a one-tailed test is conducted, the null hypothesis includes the 

direction of the effect. A one-tailed test of the differences between means 

might test the null hypothesis that μ1 –  μ2 is greater than 0. If  M1 – M2 were 

much less than 0 then the null hypothesis would be rejected in favor of the 

alternative hypothesis (Ha):  μ1 –  μ2 < 0. 
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Hypothesis Testing 

To explain an observation, a hypothetical model is advanced and is tested 

experimentally to determine its validity. 

In statistics, a null hypothesis postulates that two or more observed quantities 

are the same. 

Comparing an experimental mean with a known value 

 

Large sample z test: 

1. State the null hypothesis:  Ho :   = o 

2. Form the test statistics :   z = (x –  o) / ( /  n)  

3. State the alternative hypothesis, Ha, and determine the rejection region: 

       For Ha :   o, reject Ho  if  z  zcrit or if  –zcrit  z   

       For Ha : Ha :  > o, reject Ho  if  z  zcrit 

       For Ha :  < o, reject Ho  if  –zcrit  z .  
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Fig. 7-2 Rejection regions for the 95% confidence level. 

(a) Two-tailed test for Ha :   o. Note the critical 

value of z is 1.96. 

(b)   One-tailed test for Ha :  > o. Here, the critical 

value of zcrit is 1.64, so that 95% of the area is to 

the left of and 5% of the area is to the right. 

(c)   One-tailed test for Ha :  < o . Here the critical 

value is again 1.64, so that 5% of the area lies to 

the left of –zcrit. 
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Small sample t test: 

1. State the null hypothesis:  Ho :   = o 

2. Form the test statistics :   t = (x –  o) / (s /  n)  

3. State the alternative hypothesis, Ha, and determine the rejection region: 

       For Ha :   o, reject Ho  if  t  tcrit or if  –tcrit  t   

       For Ha : Ha :  > o, reject Ho  if  t  tcrit 

       For Ha :  < o, reject Ho  if  –tcrit  t .  
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Fig. 2-3  Illustration of systematic error in an analytical method. Curve A is 

the frequency distribution for the accepted value (0) by a method without 

bias. Curve B illustrates the frequency distribution of results by a method 

that could have a significant bias. 

   bias = B – 0 

 20 
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Comparison of two experimental means 

The t test for differences in means 

Two sets of data:  x1, n1 replicate analyses, s1 

                         x2, n2 replicate analyses, s2 

The standard error of the mean (sm) is the standard deviation of a set of data divided by 

the square root of the number of data points in the set.                           sm1 = s1 / n1  

The variance of the mean :    s2
m1 = s2

1 / n1 ,   s
2
m2 = s2

2 / n2  

The variance of the difference (s2
d ) between the means:    s2

d = s2
m1 + s2

m2  

         (sd / n ) =  (s2
1 / n1 ) +(s2

2 / n2 )  

The pooled (=combined) standard deviation: 

         spooled = {(xi–x1) + (xj–x2) + …  } / (n1+n2 + …) 

        (sd / n ) =  (s2
pooled / n1 ) +(s2

pooled / n2 ) =   spooled /  (n1+ n2) / n1n2 . 

 

         t = (x1–x2) / spooled  (n1+ n2) / n1n2   .  

If tcalculated > t table (95%), the difference is significant. 22 
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 n = 6,  di = 16+9+25+5+22+11= 88, di
2 = 1592,  d = 14.67 

 sd = {1592 – (88)2/6} / (6 – 1)  = 7.76 

 t =  14.67 / (7.76 / 6 ) = 4.628 

DF = n –1  = 6 –1 = 5          CL 95%       tcrit = 2.57 

t (4.628) >  tcrit (2.57)         Ho is rejected           Method A    Method B 

Ex. 7-7   Paired data 

Ho :   o = o 

         o = 0 

t = (d–0) / (sd / n )  

      d =  di /n 

Ex.  Glucose in serum (mg/L) 
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Errors in hypothesis testing 

 

A type I error occurs when H0 is rejected although it is actually true. In 

some sciences, a type I error is called a false negative. 

A type II error occurs when H0 is accepted and it is actually false. This is 

sometimes termed a false positive. 
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The F  test : comparison of precision 

The F test is used to compare the precision of two sets of data. The F test is 

a test designed to indicate whether there is a significant difference between 

two methods based on their standard deviations. F is defined in terms of 

the variance of the two methods. 

         F = s1
2 / s2

2  V1 / V2 

 

Where s1
2 > s2

2. There are two different degrees of freedom. If the 

calculated F value exceeds a tabulated F value at selected confidence level, 

then there is a significant difference between the variances of the two 

methods. 
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7C   Analysis of Variance (ANOVA)  

ANOVA is used to test whether a difference exists in the means of more than two 

populations. After ANOVA indicates a potential difference, multiple comparison 

procedures can be used to identify which specific population means differ from the 

others. 

In ANOVA procedures, we detect differences in several population means by 

comparing the variance. For comparing I population means, 1, 2, 3, ..., the null 

hypothesis H0 is of the form 

     H0 : 1 = 2  = 3 = … = i  

And the alternative hypothesis Ha is 

     Ha : at least two of the i’s are different. 

  The populations have differing values of a common characteristic called a factor or 

sometimes a treatment. The different values of the factor of interest are called levels. 

The comparison among the various populations are made by measuring a response for 

each item sampled. The factor can be considered the independent variable, whereas 

the response is the dependent variable. 

  The basic principle of ANOVA is to compare the variations between the different 

factor levels (groups) with those within factor levels.  
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Fig. 7-4     Pictorial of the results from the ANOVA study of the determination of 

calcium by five analysts. Each analyst does the determination in triplicate. Analyst is 

considered a factor, whereas analyst 1, analyst 2, analyst 3, analyst 4, and analyst 5 

are levels of the factor. 30 



Fig. 7-5  Pictorial representation of the ANOVA principle. The results of 

each analyst are considered a group. The triangles represent individual 

results, and the circle represent the means. Here the variation between the 

group means is compared with that within groups. 31 



Single-Factor ANOVA 

H0 : 1 = 2  = 3 = … = i  

 x1, x2, x3, … , xi 

 s2
1, s

2
2, s

2
3, … , s2

i 

The grand average (x) is the average of all the data. 

   x = (n1/N) x1 + (n2/N) x2 + (n3/N) x3 + … + (ni/N) xi  

Where N is the total number of measurements. 

1. The sum of the squares due to the factor (SSF): 

       SSF = n1(x1–x)2 + n2(x2–x)2 + n3(x3–x)2 + … + ni(xi–x)2  

2.    The sum of the squares due to error (SSE): 

       SSE =  (x1j–x1)
2 + (x2j– x2)

2 + (x3j– x3)
2 + … + (xij– xi)

2  

       SSE = (n1 –1) s2
1 + (n2 –1) s2

2 + (n3 –1) s2
3 + …. + (ni –1) s2

i  

3.  The total sum of the squares (SST): 

       SST = SSF + SSE 32 



ANOVA (Analysis of variance) 

SSF = The sum of the squares due to the factor 

SSE = The sum of the squares due to error 

SST = The total sum of the squares = SSF + SSE  

                                             (N – 1) = (I  – 1 ) + ( N  – 1) 

F = MSF / MSE 
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Determining which results differ 

In the least significant difference (LSD) method, a difference is calculated 

that is judged to be the smallest difference that is significant. The difference 

between each pair of means is then compared with the least significant 

difference to determine which means are different. 

For an equal number of replicates Ng in each group, the least significant 

difference is calculated as follows: 

 

       LSD = t (2×MSE) / Ng 

The value of t should have  (N – I) degrees of freedom. 
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7D   Detection of gross errors: Rejection of 

aberrant data :  the Q-test  

 

Q = gap / range 

   If Qobserved > Q tabulated, discard the questionable point 

35 



36 



Summary 

 

confidence interval,    confidence level  

Student’s  t 

significance level  

P value 

null hypothesis 

The t test for differences in means 

type I error 

type II error 

F  test 

ANOVA 

Q-test 
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